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Mean-Field Critical Behavior for the Contact Process

Akira Sakai' 2
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The contact process is a model of spread of an infectious disease. Combining
with the result of ref. 1, we prove that the critical exponents take on the mean-
field values for sufficiently high dimensional nearest-neighbor models and for
sufficiently spread-out models with d >4: (1) ~1—4, as 1| A, and y(1) =~
(A —4)"'as A1 A, where 6(1) and y(A) are the spread probability and the sus-
ceptibility of the infection respectively, and A, is the critical infection rate. Our
results imply that the upper critical dimension for the contact process is at most 4.

KEY WORDS: Contact process; percolation; critical exponents; triangle condi-
tion; mean-field behavior; lace expansion.

1. INTRODUCTION

The contact process was introduced by Harris® as a model of spread of an
infectious disease. This model has been studied for more than twenty-five
years, and has been proved to exhibit a phase transition.

Recently it has been shown in ref. 1 that the critical behavior for the
contact process becomes simple under the triangle condition named after a
shape formed out of three infectious routes in space-time. This condition is
expected to hold in spatial dimension d > 4. By using the lace expansion, it
has been proved that a discrete analogue of the triangle condition holds for
unoriented percolation in d >> 6 in ref. 7 and for oriented percolation in
spatial dimension d >> 4 in ref. 10. The contact process closely resembles
an oriented percolation model. As in ref. 3, we can construct an oriented
percolation model which converges to the contact process in a limit of the
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temporal spacing ¢ | 0. Applying the lace expansion for discrete models to
the discretized contact process and taking a continuum limit, we prove that
the triangle condition holds for sufficiently high dimensional nearest-
neighbor models and for sufficiently spread-out models with d > 4, which are
defined in Section 2.1. Both models are expected to exhibit the same critical
behavior.

The situation for the contact process, however, is not so simple as that
for discrete models. If we simply estimate the convolution equation
obtained through the lace expansion as in estimating that for discrete models,
we can not take a limit ¢ | 0 (see the introduction of Section 5 for more
details); even if we can take a continuum limit, the expansion does not
converge without any further ideas than those used to prove convergence
of the lace expansion for discrete models. These potential difficulties are
overcome by

1. extracting factors of & from points where at least two infectious
routes in space-time intersect,

2. selecting parameters responsible for convergence of the lace expan-
sion, even if ¢ is very small.

The first point, which is inspired by the idea of ref. 1, enables us to take a
continuum limit. Thanks to the second point, convergence of the lace
expansion is established.

This paper is organized as follows. In Section 2.1, we introduce two
types of the contact process: the nearest-neighbor model and the spread-
out model. We also explain importance of analyzing critical behavior. The
main results are presented in Section 2.2. They are proved by discretizing
the temporal axis, and the discretization in time is performed in Section 3.1.
In Section 3.2, we describe the structure of the proof of a discrete version
of the main theorem. The difficult part of the proof is discussed in Sec-
tion 3.3, where the lace expansion is used. The lace expansion is derived
through repeated applications of the inclusion-exclusion relation, and is
proved in Section 4. We establish convergence of the lace expansion and
existence of a meaningful continuum limit by using the estimates of Sec-
tion 5, which are obtained with the above two major points of this paper.

2. MODELS AND MAIN RESULTS

2.1. The Models

The contact process can be constructed through the graphical repre-
sentation of Harris (see ref. 1 and references therein). Consider the graph
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Z°x R, where Z? and R denote the spatial and temporal components
respectively. Along each time line {x} x R, Poisson points with intensity 1
are placed independently of the other point processes. These points stand
for recovering points from the infection. For each ordered pair of distinct
time lines from {x} x R to {y} x R, infectious arrows are drawn from x to y
by a Poisson process with intensity AJ, , independently of the other
Poisson processes of arrows and points, where A >0 is the infection rate
which is the only parameter in the contact process. We consider the
following two types of the coupling constant J, ,:

1. the nearest-neighbor model: J, ., =Ty, -1

J = 1]{0< lIxlloo < L}

0,x

2. the spread-out model: ,
o<t <y

where ||x||, =3 |x;| and ||x]|,, = max; |x;| for x = (x,, x,, ..., x;) € Z*, and
1 denotes the indicator function of the condition E, which takes the value
1 if the condition E is satisfied, otherwise 0. The reason why we consider
the spread-out model as well is presented in the end of Section 2.2.

From now on we use upper case letters for points in Z¢ x R; particu-
larly we use O to denote the space-time origin. For X € Z? x R, we write
o(X) and 7(X) for the spatial and temporal components of X respectively.
X is said to be connected to Y (equivalently Y is connected from X) if there
exists a path in Z¢x R from X to Y using infectious arrows and temporal
line segments traversed in the increasing time direction without traversing
recovering points (see Fig. 1). A site X is considered to be connected to
itself. We write X — Y for the connection from X to Y, and define
CX)={YeZ'xR: X >Y}.

Time

==

Space

o

Fig. 1. The graphical representation of the nearest-neighbor model on Z'. The arrows in this
figure are infectious arrows, and the circles are recovering points. This figure shows infectious
routes from the space-time origin O.
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We write P* and E* for the associated probability measure and the
expectation operator. We define the spread probability 0(1) and the suscep-
tibility y(1) of the infection as

00) =PHC(0) n @ x (1) # B, V120), x()=Y [ du(X) 0, X),
a(x)” 0

where ¢*(0, X) = P*(O — X). The generating function of the cluster size

distribution is

MXh)=1— j “dl e~ PH|C(0)| =1),

where |C(0)| is the Lebesgue measure of C(O) in space-time.
It has been proved that there exists a positive and finite critical infec-
tion rate A, such that 8(1) =0 for A < A, y(1) < oo for 1 < 4, and

0(4) = C, (A—4.), if 0<A-4.<Cj,
1D =C (A—=A7", if 0<i—A<C), 2.1
M*(h) > C, h'/?, if 0<h<Ch

for some positive constants C;, C;, i =1, 2, 3 (see refs. 1-3, and references
therein). The critical infection rate can also be defined as

A, = sup {A: EX(t) - 0 exponentially as ¢ T o0}, 2.2)

where () = X y..x)=: $7(0, X ) (see ref. 11); when A > 4., Z*(¢) does not
vanish because

EXt) = PHCO) n(Zx{t}))# D) =0(A) >0, Ve=0. (2.3)

It is expected that the observables behave in the following power law
forms near and at the critical infection rate:

0~ (=),  as AlA,
X(’l) ~ (z‘c _/1) 7})5 as A T /lca
M<(h) ~ b, as h]0,

where f(X) ~ g(X) as x - x, means that there exist positive and finite con-
stants ¢, and ¢, such that ¢; g(X) < f(X) < ¢, g(X) for any x sufficiently
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close to x,. The exponents f, y and ¢ are called the critical exponents, which
are expected to depend only on the spatial dimension d and not to depend
on the type of the coupling constant. This independence is called univer-
sality. The inequalities in (2.1) show that the critical exponents obey the
bounds f <1, y>1and d > 2, if they exist.

As in many other statistical mechanical models, it is expected (and is
proved for some cases in this paper) that there exists d, such that f=1,
y=1and d =2 as soon as d is greater than d_. These dimension-indepen-
dent values are called the mean-field exponents, and d, is called the upper
critical dimension, which is expected to be 4 for the contact process.

Barsky and Wu® have proved that the critical exponents take on the
mean-field values under the triangle condition defined as

sup V*(X)-0, as r1oo, 2.9
Mol >r,
X)) =0

where
Vix)= ¥ [* a) [ du(z) 40, 2) $'X, Y) XY, 2).
o(¥),a(2) ¥ 1(X) 2(Y)

To prove the mean-field property, it thus suffices to prove that the
triangle condition holds? above the expected upper critical dimension, 4.

2.2. The Main Results

We prove a certain condition that implies the triangle condition. We
define the Fourier transform of ¢*(0, X) as

K=Y jw do(X) 640, X) eX¥,  K=(k w)ell, xR,

a(X)

where IT; =[ —n,n]? and K-X =k-0(X )+ ©(X). Our main results can
be stated as follows.

Theorem 2.1. For the nearest-neighbor model with d >> 4, and for
the spread-out model with L >> 1 and d > 4, the critical exponents take on
the mean-field values: f =y =1 and 6 = 2.

® For the contact process on a homogeneous d-ary tree with nearest-neighbor interaction, it
has been proved in ref. 14 that the triangle condition holds when d > 5. This result has been
extended later in ref. 12 to the case of d > 2.
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The triangle condition (2.4) immediately follows from the following
theorem and the Riemann-Lebesgue lemma, and hence we obtain
Theorem 2.1, thanks to the result of ref. 1.

Theorem 2.2. Under the same condition as in Theorem 2.1, the
infrared bound

16*(K)| < uniformly in 1 < 4,

G IKI*+C, el

holds for some positive constants C, and C,, where K = (k, w) and ||k]||*> =
|Ikllz =3, &7

The spread-out model is a model on a low-dimensional lattice with
large coordination number, and is expected to be in the same universality
class as the nearest-neighbor model. The reason why we consider the
spread-out model as well is that we can prove the results for d >4 by
taking L to be large instead of taking d to be large as for the nearest-
neighbor model (see Section 3.2 for details). Therefore the upper critical
dimension d, is expected to be at most* 4 by the above results.

3. PROOF OF THEOREM 2.2

We prove Theorem 2.2 along the following line:

1. constructing an oriented bond percolation model on Z¢ x ¢ Z which
converges to the contact process in a limit ¢ | 0 (Section 3.1),

2. applying the lace expansion to the connectivity function for this
oriented percolation (Section 3.3),

3. estimating the irreducible two-point functions appearing in the lace
expansion to obtain a e-uniform infrared bound (Section 5).

3.1. Discretization

The discretized model is the following oriented bond percolation. Let
g€ (0, 1) be fixed. As in the continuous-time case, we use upper case letters
for points in Z%xeZ. We call an ordered pair (X,Y) of sites with
(X)+e=1(Y) a bond from X to Y; (X,Y) is called a temporal bond if
0(Y) =0(X), otherwise a spatial bond. We call X and Y the bottom and

4 A necessary condition for d, = 4 can be proved by an argument analogous to that of ref. 13.



Mean-Field Critical Behavior for the Contact Process 117

the top of (X,Y) respectively. A bond (X,Y) is open with probability
p(X,Y) defined as

p(Xa Y) =Ale jX,Y ﬂ{(X, Y) is a spatial bond} +(1 _8) 1]{(X, Y) is a temporal bond} » (31)

where # y = J,x) ory» and closed with probability 1—p(X,Y), indepen-
dently of the other bonds. Connections for these oriented percolation are
made along open bonds (see Fig. 2).

We write P? and E? for the associated probability measure and the
expectation operator. It can be proved as in ref. 3 that P’ converges weakly
to P* as ¢ | 0. Therefore the contact process is well-approximated by the
above discretized model.

As in the continuous-time case, we write X — Y for the connection
from X to Y, and C(X) for the set of sites connected from X. We define
the susceptibility as

x(A)=¢Y 9i(0,X),

where ¢*(0, X)=PXO — X) is the connectivity function from O to X.
This discretized model also undergoes a phase transition, and we define its
critical point A¢ as (2.2) by replacing E%¢), te R with ZX1) =
Yyt 920, X), t € ¢ Z. The Fourier transform of (0, X)

; n
PUK)=e Y 9i(0, X) ™Y, Kell,x—, (3.2)
X

is well-defined for A < A° and satisfies y,(1) = ¢*(0).

3 A
%%
— : Aﬁ
A = A
A =1\ A
A A
! "=
Time % Z‘“ %
A A =\ !
A A A A
e w— — —
A A A = A A Space
o

Fig. 2. This figure is obtained from Fig. 1 by discretizing the temporal axis. The arrows in
this figure are open spatial bonds, and the triangles are open temporal bonds. We shade the
triangles connected from O.



118 Sakai

We can see A° — A, as ¢ | 0 along the following line: for X € Z?x R, we
definep*(0, X) = ¢X(0, [X],),where[X ], = (6(X), [t(X)/e] &) e Z?x ¢ Z,
and redefine Z(¢) as a function of e R by using ¢*(O, X) instead of
©X0, X). For any A,t>0, EXt) converges to Z*t) as ¢ |0 because
$X(0,X) > ¢*(0,X) as ¢ | 0 for any 1 >0, X € Z? x R (see ref. 14). Sup-
pose lim inf, , A{ < A.. Then there exists A€ (lim inf A¢, 4.) such that, in
a limit 71 oo, ZX(¢) does not converge to zero for sufficiently small &
because of the discrete version of the inequality (2.3), in spite of the
exponential decay of Z*(¢), which is a contradiction. We can also derive
a contradiction in another case, lim sup, , A;> /., and hence obtain
Ao =lim, o A¢.

We obtain Theorem 2.2 by using the e-uniform infrared bound of the
following theorem and the dominated convergence theorem.

Theorem 3.1. 1. For ¢, <1, there exists d, € (4, ) such that, for
the nearest-neighbor model with d > d,, and ¢ < ¢, the following infrared
bound holds:

§2(K)| < uniformly in 4 < 22,

C, |Ikl)*+C, |o|’
for some e-independent positive constants C, and C,.

2. For d > 4, there exists L, < oo such that, for the spread-out model
with L > L, and ¢ < 1, the above infrared bound holds.

3.2. Structure of the Proof of Theorem 3.1

We omit the subscript ¢ and the superscript 4 of various quantities in
the rest of this paper. We also omit the superscript ¢ of A¢.

The proof of Theorem 3.1 is achieved by showing that the following
three statements hold.

1. Forevery X e Z°x e Z,

}0, o’ fO, o

A L p(0",Z) p(X+0",Y) p(Y, 2),

H(X)=¢e )
Y, Z,
0,0

y(X):Sz {Co(o’ Z)p(X,Y) oY, Z)_AO,Z AX,Y Ay,z},

Y. Z

W(X)=¢) |lo(DI* 90, Z) (X, Z).

z
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are finite for A < 4, and continuous in A< 4,, where 4, y =>7_((1—¢)"
X U x — o, ne7 18 the probability that there is an open path from O to X made
of only temporal bonds’.

2. For d>4 and A<|f#|7'=Cy S0 x) ', there exist e-independent
finite constants C,,, C,, C,,- and C’, such that

C,p, if X=0,

c,t if X#£0.
(3.3)

HX)<Cor,  TX)<Cru,  WX) <{

For the nearest-neighbor model, k = u= p={_=d~". For the spread-out
model,

k=L“(nL)?  pu=x'"? p=L*“(nL)% (=Lu.

3. We define 3, for the following set of inequalities:

ll]lgaa '%/(X)Sac‘%fka f(X)SaCyﬂ,
aC,p, if X=0, (3.4)

W(X)<{
aCl,(, if X+#O.

Fix Ae[| £, A.) arbitrarily. If we take d or L to be sufficiently large,
then B, implies P;.

The first and second statements imply that #°(X), (X)) and #°(X) are
small satisfying B; for small 4 and continuous up to /4, for every
X € Z?x ¢ Z. The third statement implies that, for sufficiently large d or L,
there is a forbidden region in the graph of J#(X), J(X) and #'(X).
Therefore we can see that the stronger inequalities in B, indeed hold at 4.
The infrared bound is obtained in the course of the proof of the third
statement.

The finiteness of #(X), (X) and #(X) for A</, in the first
statement follows from the discrete version of the identity (2.2), and their
continuity in A < 4, follows from the continuity of (O, X') in 41 >0 and
the monotone convergence theorem.

*In refs. 7 and 10, J, x = Ti0—x; has been used instead of 4, y in defining 7 (X). We must
use 4, yx for the models considered in this paper to obtain a desirable bound on Z (X) in
large d or L (see Section 3.4).
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The Green function G(O, X) for the random walk on Z?xeZ is
defined by the transition probability

e S
pG(Oa X) = VOiX 1]{(O,X) is a spatial bond} + (1 _8) 1]{(O,X) is a temporal bond} » (35)

and satisfies the convolution equation
z

We can see ¢(0, X) <G(0,X) in A< | #|~! by comparing (3.1) and (3.5)
and following the way of proving Lemma 4.1 of ref. 7. The second state-
ment follows from this inequality and bounds on the quantities H#g(X ),
(X)) and #5(X ), which are proved in Section 3.4, defined by replacing
@ with G in the definition of 27 (X), 7 (X') and # (X)) respectively.

The difficult part of the proof of Theorem 3.1 is to obtain the third
statement, and here the lace expansion is used.

3.3. Bootstrapping Argument

We describe the outline for deriving the stronger inequalities in P,
under the weaker inequalities in B,. We suppose ¢ < 1/3 in the rest of this
paper; the remaining case of ¢ > 1/3 can be proved with slight modifica-
tions, and we omit this case in this paper.

We obtain in Section 4 the convolution equation for the connectivity
function

o,
+(=D"' Ry,1(0, X),
where I'y(0,X)=Y"_,(-1)"g,(0,X), g,(0, X) is the irreducible two-

point function, and R, (0, X) is a remainder, which are explained in Sec-
tion 4. Taking the Fourier transform of the above equation, we obtain

Fy(K)+ (=DM Ry, (K)
1-P(K) I'y(K)/e

P(K) = (€))

where

P(K)=Y p(0,X) e ¥ ={1—e+1|7|eD(k)} e,
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with D(k) =Y, J, . e**/| 7|, which is d~'Y¢_,cosk; for the nearest-
neighbor model. We put hats as r ~(K) and fiN +1(K) to describe the
Fourier transforms of I'y(0,X) and Ry,;(O, X) respectively, as we
defined @(K) in (3.2). Under the inequalities in %B,, we obtain in Section 5.1
the following bounds on the irreducible two-point functions:

e+0(k) &2, for n=0,

5 (K)| < 3.8
12:( )|<{(9(K)(9(,u)n182, for n>1. 3.8)

In Section 5.2, we obtain the inequality

|Ry 1 (K| < €x(0) Ipl x(2) /e, 3.9)

where |p| = P(O). Therefore for sufficiently large d or L, we can take N to
infinity to obtain FN(K) - F(K) =¢e+0(x) & and RN+1(K) — 0. These
facts enable us to rewrite ¢(K) as

. I'(K)
P(K) = — ——
1—14|2| D(k) e I'(K)—(1—¢) e I'(K) /¢
_ f(K)/f(O)
—e' roo)- F(K) N
1—D(k)} + P(k, 0 P(K) ———" 4 %(A
21214 (k)} + P( ) + P(K) £ (0) +x(4)
(3.10)
where we used the identity
o)

x(A) = ¢(0) =

1-21 21 T(0)—(1—¢) ['(0) /¢

The numerator is non-negative for sufficiently large d or L, and thus the
denominator is also non-negative. Therefore®

1—(1—¢) I'(0)/e e—1(0)
VAR - =14+———<1+0(x). 3.11
|71 < 70) +£F(0) < 1+0(x) (3.11)

¢ In fact, the inequality (3.11) holds up to A, if d is sufficiently large or if d > 4 and L is suffi-
ciently large. Since we know for the spread-out model that 4, = 4. || > 1, we obtain the
inequality 0 < A, — 1 < O(x), which is weaker than the result A, —1 ~ L~ for d > 3 of ref. 4.
We can find in ref. 4 the estimates for d = 1, 2 as well.
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Next we estimate the denominator of the right side of (3.10). By
e<1/3 and (3.11), we obtain

P(k, 0)> 1—s—4|#]e> 1 {1-0()},

and thus obtain P(k, 0) > 0 for sufficiently large d or L. Together with the
trivial inequalities

ALz, x(H7'=0,  1-D(k)=0, R[1-e]>0,
we obtain
ie ro)-r«
—¢ +P(K)M+X(A)—l
eI'(0)

-1l- ‘P(K)

‘A 41 (1= D(R)} + P(k, 0)

r'(0)-I'K)
e ['(0)
I'(0)—I'(K)
e'(0)

> ‘A 41 {1—D(k)} + P(k, 0) -~

+x(4)

iwe|2

P(K)

1/2
+xu>2} -

2}1/2_‘1)(1{)['(0) F(K)
eI'(0)

>{|ﬂ 41 {1—D(k)} + P(k, 0) =

1— iwe

>{{1—D(k)}2+P(k, 0)2 ‘ (3.12)

In Section 5.3, we obtain

IF'(0)-T'(K)| <z <“ Hzg3+|w| gf,), (3.13)

where 97=¢3y |lo(X)|I*g,(0,X) and ¥, =¢Xy 7(X)g,(0,X). We
show in Section 5.3 that, under the inequalities in B,,

{@(K) &2, for n=0,
S

nO) O(u)"'e?, for n>1,
(3.14)

. {(O(C) &2, for n=0,

"o o te,  for nx1,

and thus Y, 4 < O(kx) ¢* and Y, 9° < O({) &* for sufficiently large d or L.
By using (3.13) and

[IKII?

1—-Dk) > s
(k) 2n%d

) 2¢
[1—e™| > 7|w|,
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the right side of (3.12) is bounded from below by

1

[
(5 a2 +lat;

{1—D(k)+%P(k, 0) |co|}—‘

J2 ro)l4
\k{A {1- D(k)}+ — 4, |w|} (3.15)
where
3
A,=1- A, =3 P(k,0)——n|————|Y %..
’ Ve e F(0)5 i (5 0) ﬁ”gr(O) .

For sufficiently large d or L, A, > 1—0({) and A4, > 1—0(x). Following
the way of bounding J5(X) presented in the next section, we use the
inequalities (3.11) and (3.15) to obtain

H =sup H(X)<SCy k+0(k (), T =sup T(X)<2Cy pu+0(u).
X X

(3.16)
Finally we bound #°(X ). Integrating by parts, we have
? dK ) .
T | Gy OAEOL if X=o0,

dK
__ fH ”1(2 )d+1{a (P(K)} (ﬂ( K)e_lKX if X#O,

j=1

where 0; = 0/0k;. We differentiate ¢(K) in (3.10) to obtain

P(K) 3,T'(K)
e ['(K) }
P(K) 0,T'(K)

; oK)
a. = ]A
,P(K) = ¢(K) e

) +@(K)* {/1 |#| e 0,D(k)+

2 A A ] (K) 2 ]r( ){ iwe
0; +2¢ A 0,D(k
iP(K) = ¢(K) P& P(K) P& |71 e"* 0;D(k) +

0.I'(K)
F(K)

P(K) 3,T'(K) }2

rk J°

+¢(K)2{/1 |7 e 0:D(k) +2 A | #| e 9,D(k) L—— e

P& O°I(K)

20(K)3! A e 5 D(k
e }+ fp(){lfle D(k) +
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Thanks to the estimates of Section 5.3, I (K) is differentiable term by term.
Together with the spatial symmetry of g,(0, X), |03 (K)|<d ™'Y, ¥; for
s=1,2. Following the way of bounding #(X) presented in the next
section, and using the mean value theorem as in Section 4.3.3(c) of ref. 7
and the inequalities (3.11), (3.15) and (3.16), we obtain

W(0)<2Cy p+0(p O 45 OE) (3.17)

and the stronger inequality for #°(X) with X # O by choosing C’, suffi-
ciently large depending only on C,., C, and C,,.

We have seen that B, implies B, if d or L is sufficiently large. The
proof of the third statement in Section 3.2 is now completed, assuming
estimates of Sections 4 and 5. The infrared bound has been obtained in
(3.15).

3.4. Bounds on the Gaussian Quantities

We prove that the quantities #5(X ), 75(X) and #5(X ) are bounded
as in (3.3).
We begin with estimating J5(X). Using the identity

IG(K)|* G(K)—A(K)|* 4(K)
= G(K)* {G(K)— A(K)}*+2 |G(K) — A(K)|* 4(K)
+2 {G(K)— A(K)} JA(K)I*+{G(K) — A(K) }* {4(K)}>,

we have
dK - A » A » »
TV 0 oyt {10 IG(R) ~ AOP+216(K) ~ AU (K1 |
+26® ) 40, {G(X,Y)— Ay y} 4y,

+é? Z {G(0,Z)—4, ,} Ay y 4y, 7-(3.18)
Y, Z

First we estimate the integral of (3.18). Taking the Fourier transform of the
convolution equation (3.6), we have

g 1

1—Po(K) 1—e’
oK) D)+ Py(k, 0) 1=¢

G(K) =

(3.19)
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where P5(K) =Yy ps(0, X) e’ *. By using the trivial inequalities

. )
0<1-D(k)<2, R[1—e™]>0, [1—e*|>=2|al
T

Ps(k,0) > e=

>

W | =

the integral of |G(K)| |G(K) — A(K)|? in (3.18) is bounded by

f dK D(k)?

1 @) { \lﬁ{l—D(k)+ 2 |w|}}3

d’k 9 D(k)?
3.20
Lu(Zn) /2 {1-D(k)}> (320
and the integral of |G(K)—A(K)| |A(K)| in (3.18) is bounded by
J- dK D(k)? d’k 3 D(k)? (321)

my d+1
Haxg (270) {L{l—D(kHilwl
ﬁ 3n

It has been proved in Appendix A of ref. 9 that the right sides of (3.20) and
(3.21) are bounded by a d-independent multiple of (d —4) ~! for the nearest-
neighbor model, or by an L-independent multiple of L~ (In L)*/? for the
spread-out model.

Since #;(X) is bounded by (3.20), this completes the proof of the
bound on J#5(X).

Next we estimate the second sum in (3.18)

}}z\fnd Qn)? 1-D(k)’

&’ z {G(Oa Z)_Ao,z} AX,Y AY,Z-
Y,z

The first sum of (3.18) can be estimated in the same way. Using the
Schwarz inequality, we have

&’ Z {G(O’ Z)_Ao,z} AX,Y AY,Z
Y.z

) m 2y)1/2
<{8 Z <8 Z Ax x1n0 AX+n9,X+m0> }

m=0 n=0

X{s i {G(O, X+m@)—A0,X+m9}2}l/2, (3.22)
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where © = (o, ¢). The quantity in the former square root sign is bounded
by

3

(m+1y? (1—gyr =100

0 (2—8)3 <l

M
3
1 M8

The sum in the latter square root sign of (3.22) must be estimated sepa-
rately depending on whether o(X) is equal to o or not. If g(X) # o, then
we use the spatial symmetry of the two-point function to obtain

2de i {GO, X+mO)—4y x o}’ <e) {G(O,Z)—4, ,}, (3.23)

m=0

which is bounded by the right side of (3.21). If on the other hand o(X) = o,
we can not directly use the spatial symmetry of the two-point function as
above. However if a random walker reaches X +m® = (0, t(X)+me)
from O by taking at least one spatial step, then there exist n <m+17(X)/e
and y € Z? with J,, , > 0 such that the random walker taking only temporal
steps to (o,n¢e) takes the first spatial step to (y, (n+1)¢) and reaches
(0, 7(X)+m ). Therefore

o e Jo.x
GO, X+mO)— Ay xime < Y. (1_£)nZW
n=0 Y

X {G(Y5 X+(m_n) @)_AY,X+(m7n)9}'

Using this inequality and the Schwarz inequality, we have

™
3
1 D18

{G(O, X +m @)_AO,X+m9}2

0

<L u-om 3 S

X {8 Z {G(Y, X +(m—n) O) _AY,X+(m—n)8}

< {G(Y", X +(m—n) ©) —AYV,XHM)@}}

1/2Y 2
<{£z (1—8)"; {Oﬂy {sz {G(Y, X+ (m—n) @)_AY,X+(m—n)9}2} } :
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Now we can use the spatial symmetry of the two-point function as in
(3.23). The proof of bounding 5(X) is completed.
Finally we bound #5(X ). Integrating by parts, we have

d

dK
Zh@aﬁm

j=1

— Z J‘denl (2 )d+1 {aZG(K)} G( K) e K X if X£0.

16,G(K)|%, it X=o0,
We(X) =

We differentiate the right side of (3.19) to obtain
8,G(K) = G(K)? e 9,D(k), 2
0’G(K) = 2 G(K)* {e'* 0,D(k)}*+ G(K)? e 9*D(k). '

Therefore #5(0) and the contribution to #5(X) with X # O from
G(K)® {e"* 0;D(k)}* are bounded by

d f dK {0,D(k)}>

”"X(Z”)d+l{ﬁ{1 D(k)+2|60|}}4

o d’k 18 {9,D(k)}*
_ljnd(Zn)d (1-D(k)}*

j=1

In Appendix B of ref. 6 and Appendix A of ref. 9, it has been proved that
the right side is bounded by a d-independent multiple of (d —4) ' for the
nearest-neighbor model, or by an L-independent multiple of L>~“ (In L)?
for the spread-out model. The contribution to #5(X ) with X # O from the
second term of (3.24) is equal to the Fourier transform of

€ .0
|71

ey G(X,Z) Z,G(O, Y) lle(ON* G(Y + 0, Z).

This is bounded by

e? Y {;’l” llo(0)]|? { {G(X,Z)G(0',Y+0')G(Y+0', Z)
Y,Z O

_AX,Z AO’,Y+0’ AY+O',Z} +AX,Z AO',Y+0’ AY+0',Z}

Z%OHwWW%MFOH%nWﬁQV L7, (3.25)

o’

N
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where 7, = supy J;(X) and

HFo, x 2 - Ho.x 2
V| = %, ¥ = X)II% 3.26
#1=% 2 o) sup 22 Jo (DI (326

Since |[#|=1 and ¥ = (2d) " for the nearest-neighbor model and |¥| =
O(L?) and 7" = O(L*~?) for the spread-out model, the right side of (3.25) is
0O(d~") and O(L“ 9”2 (In L)¥*) respectively. The proof of the bound on
#5(X ) is now completed.

4. THE LACE EXPANSION

We use the lace expansion to investigate the infrared behavior of the
connectivity function. The lace expansion produces a convolution equation
(4.1) for the connectivity function. The expansion can be derived through
the inclusion-exclusion approach or the algebraic method. Both derivations
lead to the same result.

First we make several definitions. For a bond set B, X is said to be
connected to Y off B if X is connected to Y without using bonds in B. We
define C;, ) (X') for the set of sites connected from X off (U, V). A bond
(U, V) is said to be pivotal for the connection from X to Y if X - U and
V=Y ¢ Cgy ) (X). We define B, (X, Y) for the set of pivotal bonds for the
connection from X to Y; we note that B, (X, Y) is a random set depending
on a configuration €, which is a collection of states of bonds. X is said to
be doubly connected to Y if X —Y and B, (X, Y) = (J; we write X 3 Y for
this event. We define E ., for C = Z?x ¢ Z to be the event satisfying the
following conditions:

* there is at least one open path from V' to X passing through C,

* either B, (V, X)) = J or there are no open paths passing through C
from V" to the bottom of the last bond of B;,(V, X) # .

Proposition 4.1 (The Lace Expansion). For N >0,

w.7v)

+(=D"' Ry (0, X), 4.1

where I'y(0, X)=3Y"_,(—=1)"g,(0, X). The irreducible two-point func-
tion g,(0, X) is defined as



Mean-Field Critical Behavior for the Contact Process 129

2.0, X)
PO 3 X), for n=0,

n

={ 2 pWU. V) ¥ pU,.V,) <03U1’ﬂ E(Vi,Um;Cw,.,V,.)(Vi1))>’

ULV Un, V) i=1

for n>1,
and the remainder R, (O, X) is defined as

Ry(0, X)

Y p(U,V)PO3U,V—>XeCy,(0), for N=1,

w,7v)

z U, 1) Z Uy, Vy)

= { U V1) Un.VN)

N-1
xP <0 3 v, ﬂ E(Vi, Uiri; Cw,, vpVi-1))? Vy—=>Xe C(UN’ VN)(VN—1)>’
i=1

for N>=2,

provided that V; =0 and U, , = X.

Proof. Since the lace expansion for oriented percolation has been
proved in ref. 10 by the algebraic method, we prove it below by the inclu-
sion-exclusion approach’.

First we prove (4.1) for N =0. We can divide the event O — X into
two disjoint cases: either B, (O, X) is empty or not. If O — X and
B, (0, X)) # (&, then there is an open bond (U, V') € B;,(0, X ) satisfying
O33U: (U,V) is the first bond of B, (0, X), and O — X is realized if and
only if (U, V) is open. Since the state of (U, V') is independent of the event
that (U, V) is the first bond of B,,(0, X'),

90, X)=P(0 - X, B,,(0,X) =)+ P(0 - X,B,,(0, X) # )

=P(O3X)+ Y pU,V)PO3U,{U,V)eB

w.v)

(0, X)).

piv

7 Although the proof is similar to that of Proposition 2.3 of ref. 7, thanks to the construction
of the models, no nested expectations as in ref. 7 appear.
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By the definition of the pivotal bond and the inclusion-exclusion relation,
we have

PO U, (U,V)eB,,(0,X))=P(O3U,V - X ¢ Cy.,,(0))
=P(O3U,V->X)

—P(O3U,V - X eCy 1,(0)).

piv

Since 7(V) =1(U)+¢, O 3 U is independent of V' — X, and thus the first
term of the right side is equal to g,(0, U) ¢(V, X). Now we have obtained
the result (4.1) for N =0.

Next we expand R;(O, X) and prove (4.1) for N =1. We divide the
event V' — X € Cy, 1,(0) into two cases: either there is or is not an open
bond (U', V") e B,,(V, X) satisfying U’ € Cy ,(0); if there are no such
pivotal bonds, then the event Ey x.c,, 0y occurs. Therefore

P(O3 U,V - X e Cy 1,)(0))
0 :; Ua E(V, U’; Cy, V)(O))’>

U, V')eB,(V, X)
4.2)

=P(O33U,Ey . C(yyy)(O))) + Z pl0U, v P <
", v

piv

We have exploited again the fact that the state of (U’, V") is independent of
the event that (U’,V’) is the first bond of B, (V, X) with O —» U’ off
(U, V). As in the case of N =0, it follows from the definition of the pivotal
bond, from the inclusion-exclusion relation and from the Markov property,
that

P <0 3 U, E(V, U'; Cu,1(0))» >
U, V)eBy(V,X)
o :)) Ua E(V, U'; C, V)(O))’>

=P(O3U, Ey . )(p(V',X)—[P’<
- oo Cenion V'—>Xe C(U’, V’)(V)

Finally we substitute the above identity to (4.2) to obtain

R1(09 X) =g1(0’ X)+( Z gl(O’ U,) p(U,a V,) (D(V,a X)_RZ(O’ X),

u,v')

and thus obtain the result (4.1) for N = 1.
The remaining expansion for N > 2 can be proved inductively. ||
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5. ESTIMATES

In this section, we estimate fN(K), ﬁN+1(K) and fN(O)—fN(K),
which have been used in Section 3.3 to prove the infrared bound on the
connectivity function.

In order to estimate fN(K), ﬁN+1(K) and fN(O)—fN(K), we use the
van den Berg—Kesten inequality (the BK inequality). We begin with intro-
ducing this inequality without its proof; the proof can be found in ref. 5.
We can introduce a natural partial order among configurations, denoted by
% < %', which is defined to hold if Ty y) is open on¢} < Tx,7) is open oney [OT
any (X, Y). An event E is said to be increasing if 1z oceurs on ¢} < (£ ocours on @}
holds for ¥ <¥'. An example of an increasing event is that O - X off
(U, V) for some bond (U, V). For two events E, and E,, we define E, o E,
for the event that E, and E, occur disjointly: there exists a bond set B such
that E; occurs by using bonds in B and FE, occurs without using bonds
in B. For example,

(05X} o {0 > X"} =) {{O> X off B} n {O' > X" off B}},

B
where B° is the complement of a bond set B.
Proposition 5.1 (The BK Inequality).
P(E, o E,) < P(E)) P(E,),

holds for any increasing events E;, and E,.

Next we explain a potential difficulty involved in taking ¢ | 0, and how
to overcome it. We have obtained the lace expansion for the connectivity
function and obtained (3.7). I'y(K) is an alternating sum of {g,(K)}._,.
Suppose that we naively use the BK inequality to estimate the irreducible
two-point functions as in estimating those for discrete models. Then we
have, for example,

18K <) (0, X) =e+e) ¥(0,X)’, (.1

where Y(0O, X' ) = P(O ~» X) and O ~» X means that there exists a non-zero
open path from O to X. The latter term of the right side is ¢(1); what is
worse, |£,(K)| < 0(e~*) for n > 1 (see Section 5.1.2). Therefore we can not
obtain a meaningful upper bound on |I'y(K)|, and hence the infrared
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behavior for the connectivity function can not be seen. This is due to the
fact that the number of summations is much larger than that of factors
of ¢. This is the difficulty involved in naive estimates in ¢ | 0.

The key observation to overcome the above difficulty is that we can
derive a factor of ¢ from a point where at least two disjoint open paths
leave or enter. This idea is an extension of the idea used in ref. 1 to extract
correct factors of ¢. Let us consider the case of g,(0, X' ) = P(0 3 X) with
X # O for example. This is the probability that there exist at least two non-
zero disjoint open paths from O to X. Since at most one temporal bond
grows out of every site, at least one of two non-zero disjoint open paths
goes out of O with a spatial bond, and at least one of those comes into X
with another spatial bond. Thanks to this close observation and the BK
inequality, we obtain in the proof of Lemma 5.2

|§0(K)|<8+1283 Z fo,o' fx',x

X, 0.x'

x{¥(0, X) (0", X") + (0", X) Y(0, X")}. (52

The latter term of the right side is @(e?) in contrast with (5.1). We have
thus achieved deriving extra factors of ¢, which enable us to control a limit
el0.

At the end of the introduction of this section, we define several con-
nection notations.

{0 X}={(0,0)isopen} o {6 - X},
(0=X}= U {{(0,0)isopen} < {0' X},

0"0(0")#o0

{0O»>X}={0>X—-6} 0 {(X—06, X)isopen},
0=X}= U {{0-X}e{(x.x)isopen}},

X'0(X')#0(X)

{0>>» X} ={(0,®)isopen} o {® » X}.

We organize the rest of this section as follows. r ~(K) is estimated in
Section 5.1. Since I'y(K) is an alternating sum of {g,(K)}._,, Section 5.1
is mainly devoted to estimating g,(K). These estimates are directly used
to bound |Ry(K)| in Section 5.2. Finally in Section 5.3, we estimate

Iy(0)—T y(K).
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5.1. Estimate of fN(K) for N>0

5.1.1. Estimate of §,(K)

To estimate g,(K) for n > 0, we use the following inequalities:

fOO’fOO"
; - O, )p(X+0",Y)<2A4(X), 5.3
2 Y ST MO N +0N N <2A (), (5

eY {p(0,Y) p(X,Y)—dpy Ay.y} <2 T (X). (5:4)

The proof of these inequalities is the same as that of (2.20) in ref. 1.

Lemma 5.2. Under the inequalities in B,
8o(K) <&}, (0, X)<e+Cre’ (5.5
X

holds for some ¢-independent finite constant C. This proves (3.8) for n = 0.

Proof. We begin with proving the inequality

£(0,X) < §O,X+ Z (4 3)2 fo,o' fx',x
0., x

x{Y(0,X) (0", X")+ (0, X) P(O—> X")}. (5.6)

If X (# O) is the arrival point of two non-zero disjoint open paths, then at
least one of those paths enters X with a spatial bond. The contribution
from this case is bounded by

P({O~ X} o {O—=X})

< ) P({O~» X} o{0O—> X'} o {(X’,X)isopen}). (5.7)

X' :0(X)#0(X)

By the construction of the models, there is no contribution from the case
of O =X’ to the right side. If two non-zero disjoint open paths emanate
from O, then at least one of them leaves O with a spatial bond. Therefore
we use the BK inequality to bound the right side of (5.7) by
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;iefxl’x P({O~»X}o{O-~»X'})
<; re I x {P{O~» X} o {0O=>X"})+P({0O=>X}0o{0O>X'})}

< Y (4’ Fo.0 S x {¥(0, X) 9(0', X')+9(0', X) P(O— X')},

0,x'

and thus obtain the inequality (5.6).
Using (5.3) and (5.6), we can bound |g,(K)| by

fo o' fo o"
ﬂ, 2.3 70,0 ,
G D T A

x{Y(0,X) p(0', X—0")+¢(0', X) P(O > X—-0")}
<e+4 (L) A &, (5.8)
and thus obtain (5.5) under the inequalities in 3,. ||

5.1.2. Estimate of §,(K) forn=1

In this section, we estimate g,(K) for n > 1. We present in Lemma 5.3
an increasing event, of which the event in the definition of g,(0, X) is a
subset. Before using the BK inequality to this increasing event, we must
pay attention to points in diagrams where two disjoint open paths leave or
enter, as in the estimate of g,(K). Thanks to this close observation and the
BK inequality, we can obtain a bound on |g,(K)| in Lemma 5.4, which
enables us to take a meaningful limit in ¢ | 0.

First we present the increasing event stated above.

Lemma 5.3. Forn>1,

n
N
{0 30U, 401 E(Vi. Ui+s; Cw, Vi)(Vil))}

i=

wLvy wLvy
< U {L(O, wUyp ° {M(Wll,Vll;Wz, vy Y N(Wll,Vll;Wz, Uz)} o
Wi, s Wy

Up1, Vo Up1, Vo UV,
o AM G vy O NG vt o RGE v}, (59)
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provided that V, = O and U, ., = X, where

Low,v,={0—->W} {0 ->U} o (WU},

R v ={W-~» X off (U,V)} o {V > X},

ME%I,/,)WU) ={W ~»U'off (U,V)} o {V SW' o {W' - U'},

NE,,I{,I;,)WU) = {WW)W’ off (U, V)} o {V - U'} o {W' - U’}.
The event R{;") y, is defined only when (W) <t(U) <t(V) <7(X), and
the events M ;%) ., and N7, 1, are defined only when (W) < 7(U) <
(M) <tW')<«(U").

We omit the proof of the lemma because we can prove it as explained
in ref. 10.

Next we use the above lemma to estimate g,(K). If we naively use the
BK inequality, then

1£,(K)| < z P(L(O,W1,U1)) Z p(U;, 1)
w1, Uy Vi, W2, Uz

s ULV
X {P(Mgg’lllfl’ll) Wa, Uz)) + P(ngVll’ Vll) Wa, Uz))} e

Y U, Vo) AP(M G 0)
Vet W, Uy
+ P(Nﬁg/",,_ff,l;/",,ill); W U,,))} Xé Z pU,,V,) P(REII/{/':,I;/",,),X))
Vi X

<mw%ﬂﬁz¢wmnmammWﬂﬁ

%wmzmeWWJﬁ

w,v X

X {sup &2 Z , w, U)oV, W+yW, W) eV,U")}
waUﬁH,

and hence |§,(K)| < O(¢~*). In the diagram considered, however, there are
2 n+2 points where two disjoint open paths leave or enter. Thanks to this
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close observation, we thus obtain |§,(K)| < 0(¢?), as explained in the
following lemma.

Lemma 5.4. For n > 1, under the inequalities in B,,
€. (K)<e} 8.0, X)<Cr(C' )" 'e? (5.10)
X

holds for some ¢-independent finite constants C and C’. This proves (3.8)
forn>1.

Proof. First we consider the case of n=1. We use Lemma 5.3, the
Markov property and the BK inequality to bound g,(0, X) by

z pU, V) P(L(o, w,v) © REII/JI;,II//),X)) {5W,U +(1 _5W,U)}

w,(U,V)

< z pU, V) {gg(O, U) 5W,U P(REZ: II;,)X))+ [FD(JL(O, w,u) ° RE%,I;/),X))

w,U,V)

+Z [FD(TL(O, w,u) © {(W, W')is open} ° RE%VI;X))}
-

<y {go(o, U)oy Y p(U. V) P(RED )
14

w,U

+ [FD(GL(O, w, U)) Z pU, V) P(R%Iv//) X))
Vv

FP(Lowo) S 46 Sy (U V) PREGY). 5, } (5.11)

w',v
where

“Low,yy =10 > W} o {0O»U} o (W = U},
Lowuvy={0->W}o{O~»U}o{W>U}.

In order to estimate 3 »p(U, V) P(R{;Y) x)), we must pay attention
to the point X where two disjoint open paths enter in the diagram; we must
observe the point W as well, if W = U. Using repeatedly the BK inequality
and the inequalities
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(1—&) p(U+0, X') =P(U » X),
(1—&) P(U+6 —» X) = P(U =» X),

(5.12)
Oy, x +P(U > X") < (U, X'),
(1-¢) 0y, x—o+P(U > X)<P(U > X),
we obtain
Z pU,V) P(REyV’,I;/),X)) <é *@1 1]{W=U} +g—22 1]{W¢U}a
V,X
where, under the inequalities in PB,,
%, =8| 2 A <C, k,
‘ ! (5.13)

H=20101QT +F[| A +2A| L H &)< Cyp,
for some constants C; and C,, because ¢ = supy Fo.x 1s equal to 1 for the
nearest-neighbor model or to {(2 L+1)‘—1}~" for the spread-out model
such that ¢ /| #| < k holds for both models.

We only prove the latter inequality of (5.13); the former can be proved
similarly.

Z pU,V) P(REVIII/’,I;),X)) {5V,X +(1 _5V,X)}
< {/1 € jU,X yW,X)+(1—¢) 5U,X—@ P(W—= X)} 5V,X
+Z {(1_8) Ou,v_e +lng,V}

X{P{W ~» X} o {V—=X})+P({W—=X} o {V > X})}

( *. the close observation,)
< /lng,X YW, X)+(1—¢) 6U,X—9 Z e /X',X oW, X")
+Z (1_8) lst’,X {W(W, X) ¢(U+@’ X,)
+oW,X)YP(U+6O > X)}
+2 (he) oy Fox YW, X) oV, X))+ oW, X') P(V > X)}.

(-. the BK inequality.) (5.14)
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By using the inequalities in (5.12), the first three terms of the right side of
(5.14) can be put together, and (5.14) is bounded by

3 46 Jrx {0V, X) 9(U. X') 90V, X') PU > X)

+;/18fu,v W, X) oV, X)+o(W, X") P(V—»X)}}-

We obtain the latter of (5.13) by summing the above expression over X and
using (5.3) and (5.4).

After defining Z, = A | #| %, and &, = 144 (4| #])> A e, which follows
from (5.8), we obtain

18, (K)| < Z R e*+e z P(JL(O,W,U))gz +¢* Z P(TL(O,W,U))@T

w,Uu w,U

We can also estimate 3, ; P(°Lo w, 1)) and 3 v P("Lo w 1)) in the same
way as in proving the inequalities in (5.13); we must pay attention to the
points O and U to extract correct factors of .

P(Low,v) <4 AL CQ+AILN) X e=Z e,

w,u

P("Low,v) <4112 (1 +e) X = %,

w,U

Under the inequalities in B,, %, and %, are bounded by C, x for some

constant C;. This completes the proof of the inequality (5.10) for n = 1.
Next we consider the case of n = 2; the case of n > 3 can be proved by

induction. Following the way of deriving (5.11), we can bound |g,(K)| by

é Z pU, V) pU', V") {P(L(o, w,u) © ME%VV) w',u') © R%‘r//) X))
X, W, (U, V),
W, U, V")

+ P(L(o, w,u) © N?ifv? w,u) © REVII]/I;/) X))}{éW’, v+ (11— 5W', U)}

<é z {2 £(0,U") 5W',U' @1 +&! {g:g{W',U')'i'g:g,W',U')} @2
WU

HPow.o+ P oo} B}, (5.15)
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where
920, WUy = W’(ZU‘,’ " pU, V) |]])(L(o, w,u) © GM(W Vi, U))
P ow.vy= L2, PO PLow © N o).
z (Ig WUy = W’(ZU:, " pU,V)P(Low.vy ° Mg Pw. o),
920, WUy = W’(ZU‘,’ " pU, V) |]])(L(o, w,v) ° ZNEI[/]VII//) w, U’))a
and where

MG oy ={W U off (U, V)} o {V > W'} o (W = U'},
NGy ={W ~> W' oft (U, V)} o {¥V - U'} o (W =>U'},
MG oy ={W > U off (U, V)} o ¥V > W'} o (W —>U'},
NG oy ={W W off (U, V)} o {V = U'} o {W' > U'}.

These events are defined only when (W) < r(U) <tV)<t(W") <z(U)

because of the definitions of M, o . vy and N W D o)-
We again follow the way of derlvmg (5.11) to bound 9’(0 w, oy DY

Z {go(o, U) 5W,U Z pU, V) P("Mggj K)W U’))
v

w,U

+P("Lio.w.vy) Y, PU,V)YPCMG 3 )
14

+ P(TL(O, w, U)) Z e S, wr pU, V) P(GM%VI)/ w, U’))}' (5.16)
WV

Following the way of proving (5.13) by paying attention to the point U’
where two disjoint open paths enter in the diagram (it is necessary to
observe the point W as well, if W = U), we obtain

z pU,V) P(GM%II//) W, U’)) <é f}_ﬁz 1]{W=U} +9_%2 ﬂ{W;kU}7

v,.w.,u'
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where, under the inequalities in B,

Hy =4 AA) A+2AF) H <Cyx,
Hoy =21 211Dl QT +F /| A1 42471 H) < Cs

for some constants C, and Cs. After defining 54, = 4| #| #,, we thus have

for some e-independent finite constant C.

We can also estimate the quantities concerning 9(0 WU ,@(0 WU
and 9(0 W, oy aS

3
°N 7 2 2 @
F Z 9(0,W,’U,)%2<8 Z L Ay R,
w, U i=1
2 M 7
e Y Powuv R 3
w',u A = A
z L Ay R,

2 ‘N 7
e Y Pow.v R
w',u'

where, under the inequalities in PB,,
His=4AID) H <Cor,  Hy=2A1211p1 (T +F/1ID<Crp,

and #; = A| #| #; <4 C, u, for some constants C;, and C,. This comple-
tes the proof of the inequality (5.10) forn=2. |

5.2. Estimate of R, (K) for N> 1

We estimate Ry (K ) in this section. By the Markov property, we obtain

IRy(K) < Y. gy-1(0,U) p(U, V) ey, oV, X) < y-1(0) |pl x(2) /e,

w.v)

which is equivalent to (3.9) used in Section 3.3. We have already seen that
gx_1(0) is bounded as in (5.5) and (5.10). Therefore if A< 4, then

x(1) < oo and thus ﬁN(K) converges to 0 as N 1 oo for sufficiently large d
or L.



Mean-FieldCriticalBehaviorfortheContactProcess 141

5.3. Estimate of I,(0) - I (K) for N> 0

We devote this section to estimating ¥, =¢> 5 7(X) g,(0, X) and
G°=¢3y llo(X)]||* 2,(0, X) because, by the spatial symmetry of g,(0, X),
|y (0)—TI " y(K)| is bounded by

N
Y {82 2,(0,X)|1—e®|+e) g,(0,X)|l—cos k‘a(X)l}
n=0 X X
N 2
(1|
< 7 W o .
3 (w5 o

This proves the inequality (3.13).
In order to estimate ¥4, we use the inequality

(X)/e
(X)) (0, X)=¢ 2—11 Y(0, X)
©o(X)/e
<e 2—11 %ﬂ V(0, (z,ne)) p((z,ne), X) = szzl V(0,Z)p(Z,X), (5.17)

which follows from the Markov property. We note that this inequality
implies equivalence between the estimate of %, and that of a quantity con-
cerning the irreducible two-point function g,(O, X' ) with an extra vertex.

We only estimate % because we have to estimate it more minutely
than® ¢ and 97, for n>0 in order that the bootstrapping argument
works. Using the inequalities (5.4) and (5.6), we obtain

4<% Y Jo.o Frx oI Y(O0, X) (0", X)

0,X,X
+2 {lle(X —ONI*+la(OI*} 9(O', X) P(O — X")}
<(Ae) Y Soo Joo {W(O'+0")+2W(0'-0")
o', 0"
+2|l6(ONI* {2 T (0" —0")+ 640y, si0m } }-

We estimate #°(0O'+0") more minutely; we want to estimate it without
using supy #°(X).

8 We can easily obtain the bound on %; in (3.14) by using the inequalities (5.6) and (5.17). We
can also obtain the other bounds in (3.14) by following the way of estimating 3", |x|? 4,(0, x)
in Section 3.2 of ref. 7.
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W (0'£0") <e Y |lo(X)|llo(X —O0" F 0")||¥(0, X) p(0'+£ 0", X)

+le(0'£0")|| 8; [le(OI[¥(0, X)
x{p(0'£0", X)_Aou_ro",x}

+lo(0'£0Ml e X llo(X)I ¥(0, X) 410 x- (5.18)

By using the Schwarz inequality, the sum of the first and second terms is
bounded by

W (0)+|lo(0' £ 0")|| {2 7 (0) #(0)}'>.

Because of the presence of 4, , o x, the third term of (5.18) is bounded by

llo(0'£0Ml e . llo(X)I {@(0, X )~ 4o, x} 40100 x
X
<2llo(0'£0")||* 7(0'£0").

By using ||la(O’£0")||"< 2" {|la(O)||"+||lo(0")||"} for n>1 and the
Schwarz inequality,

Fo.0 Fo.o" Fo.o 12
o lle(0'£0M)||" < 2" = llo(ONI"< 21717,
ozo 171 121 ; |71

for n=1,2.

Therefore

(<AL 21T +7/17D)
+3{W(O)+2 {217 T W (0)}'*+8|¥| T}} &
Since |¥7| defined in (3.26) equals 1 and { =d ' for the nearest-neighbor
model and |¥| = O(L*) and { = L* u for the spread-out model, we obtain

%5 < C{&* under the inequalities in B, for some constant C depending
only on C; and C,,.. This proves the bound on % in (3.14).
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